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Abstract. Using elementary arguments based on the Fourier transform we 
prove that for 1 < q < p < oo and s > with s > n(l/2 — 1/p), if / € 
Li-°°(R n ) n H a (R") then / 6 L p (R n ) and there exists a constant c P:9 , s such 
that 

WfUv < cp,,,.||/||i, l00 ||/||^- 9 . 
where 1/p = 9/q + (1 — 6>)(l/2 — s/n). In particular, in R 2 we obtain the gen- 
eralised Ladyzhenskaya inequality H/H/,4 < c||/||^2 2 oo ll/ll^i 2 - We also show 
that for s = n/2 the norm in ||/||j^„/2 can be replaced by the norm in BMO. 
As well as giving relatively simple proofs of these inequalities, this paper pro- 
vides a brief primer of some basic concepts in harmonic analysis, including 
weak spaces, the Fourier transform, the Lebesguc Differentiation Theorem, 
and Caldcron-Zygmund decompositions. 



1. Introduction 

For 1 < q < p < oo the Gagliardo-Nircnbcrg interpolation inequality (Nirenbcrg 
[23]) 

ll/lk* < oUWUffrf, - = - + (l-0)(l--) (1.1) 



'H> ' p q v ' \2 

is an extremely useful tool in the analysis of many partial differential equations. 
In particular, in the mathematical theory of the two-dimensional Navicr-Stokcs 
equations it is frequently encountered in the form of Ladyzhenskaya's inequality 
(Ladyzhenskaya [19]) 

II/IIl^cII/II^IIV/H^ 2 . (1.2) 

This paper provides an introduction to some of the basic ideas of harmonic analysis, 
as a means of generalising the Gagliardo-Nirenberg inequality in two directions. 

First, using only simple properties of the weak L p spaces (Section 2) and the 
Fourier transform (Section 3), we show that one can replace the L q norm on the 
right-hand side of (1.1) by the norm in the weak L q space: 

ll/llw<c||/||i„-||/||V; fl . (1.3) 

Along the way we also provide a proof of various forms of Young's inequality for 
convolutions (Section 4) and the endpoint Sobolev embedding H s (W l ) C L p (R n ) 
for s = n (1/2 — 1/p), 2 < p < oo (Section 5). To our knowledge the direct proof of 
(1.3) that we provide here in Section 7 is new. 
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We note that, in particular, (1.3) provides the following generalisation of the 2D 
Ladyzhenskaya inequality: 

ll/IU^cll/ll^llV/H^ 2 . (1.4) 

We outline at the end of Section 4 how this inequality is relevant for an analysis of 
the coupled system 

-Au + Vp = (B ■ V)B, V-u = 0, 

— + jyAB + (u ■ V)B = (B ■ V)u, V • B = 0, 

on a two-dimensional domain (for full details see McCormick et al. [21]). This 
system arises from the theory of magnetic relaxation for the generation of station- 
ary Euler flows (see Moffatt [22]), and was our original motivation for pursuing 
generalisations of (1.2) and then of (1.1). 

Related to the case s = n/2 in (1.1), Chen & Zhu [6] (see also Azzam & 
Bedrossian [1]; Dong & Xian [7]; Kozono & Wadade [17]) obtain the inequality 

ll/IU^II/ll^l/llU^ (1-5) 

where BMO is the space of functions with bounded mean oscillation (see Section 
8). This inequality (cf. Exercise 7.4.1 in Grafakos [12]) is stronger than (1.1) since 
II /II bmo < c||/|| h„/2 (see Lemma 8.1). In fact one can obtain a stronger inequality 
still, weakening the L q norm on the right-hand side as we did in our transition from 
(1.1) to (1.3): 

II/I|l p < C ||/||^||/||^ p . (1.6) 

In Section 9 we adapt the proof used in [6] for (1.5) to prove (1.6); their argument 
makes use of the John-Nirenberg inequality for functions in BMO, which is proved 
via a Caldcron-Zygmund type decomposition (Section 8). This decomposition in 
turn makes use of the Lebcsguc Differentiation Theorem (Theorem 8.2). 

One can prove (1-6), and a slightly stronger inequality involving Lorcntz spaces, 

ll/llw^cll/lll^ll/H^ 1<9<P<oo, 

using the theory of interpolation spaces (as in McCormick et al. [21]); see Corollary 
10.3 (and also Kozono et al. [18]). For the sake of completeness we briefly recall 
the theory of interpolation spaces in Section 10 and give a proof of this inequality. 

Since it provides one of the main applications of weak L p spaces, we include a 
final section that contains a statement of the Marcinkicwicz interpolation theorem 
and some of its consequences, including a strengthened form of Young's inequality. 
A very readable account of all the harmonic analysis included here can be found in 
the two books by Grafakos [11, 12]. 

We note that nowhere in this paper do we attempt to find the optimal constants 
for our inequalities, and throughout we treat functions defined on the whole of 
K™. Similar results for functions on bounded domains are more involved, since 
one requires carefully tailored extension theorems (see Azzam & Bedrossian [1], for 
example) . 

2. Weak L p spaces and interpolation 

We begin with the definition of the weak LP spaces and quick proofs of some of 
their properties. For more details see Chapter 1 of Grafakos [11]. 

For a measurable function / : R™ — > M define the distribution function of f by 



d f (a) = [i{x : \f(x)\ > a}, 
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where fi(A) (or later \A\) denotes the Lebesgue measure of a set A. It follows using 
Fubini's Theorem that 

l/(x)| 



\\f\\ P L p= \f(x)\ p dx=p / a p - 1 dadx = p a p - l d f {a)da. (2.1) 
./R" Jul™ Jo Jo 

For 1 < p < oo set 

||/||ip,- =inf (C: d/(a) < C 



op 

= sup{ 7 d / (7) 1 / p : 7> 0}. 

The space L p '°°(M. n ) consists of all those / such that ||/||lp.=° < oo. It follows 
immediately from the definition that 

feL P,oo {wl) ^ df{a) < \\ff Lpi0aa -p (2.2) 

and that for any / and g 

d f+g (a)<d f (a/2)+d g (a/2), (2.3) 

which implies that 

+ <2(||/||iP.- + |M|iP.«). (2.4) 

The following simple lemma (the proof is essentially that of Chebyshev's inequal- 
ity) is fundamental and shows that any function in L p is also in L p, °°. 

Lemma 2.1. If f e L p (R n ) then f G L p '°°(R n ) and \\f\\ L v,°° < \\/\\lp- 

Proof. This follows since 

d f (a)= [ ldx< I \ML dx <\\fY Lpa -P. □ 



- {x: |/(a!)|>a} J {x- \f(x)\>a} aP 

While IP C L p '°°, clearly L p '°° is a larger space than IP: for example, 

\ x \-n/p g L P,°°( R «) (2.5) 

but this function is not an element of L p (M. n ). 

An immediate indication of why these spaces are useful is given in the following 
simple result, which shows that in the IP interpolation inequality 

\\s\w <\\f\\U\f\\l-J, ; = ; + ^ 

one can replace the Lebesgue spaces on the right-hand side by their weak counter- 
parts. 

Lemma 2.2. Take 1 < p < r < q < oo. If f G L p '°° n L q '°° then f € U and 

\\f\\L'- < c p,r,g||/||LP.°°ll/llL<!,o=; 

where 

1 9 1-6 



r p q 
If q = oo we interpret L°° ,0 ° as L°° . 



Proof. We give the proof when q < oo; the proof when q = oo is slightly simpler. 

ip 

\L>' 



If / 6 L p '°° then c£/(a) < ||/Hx,p,ooQ p , so for any x we have 



oo 

r-1. 



||/||£r=r/ a^^da 

<r I* a'-'WfWi^a^da + r I «*— 1 ||/III«,-o«-« da 



— II/IIlp.= o - 2 ' p ~i" ll/llz / <j' c >° a;9 

r — p r — g 
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Now choose 

x P-q _ H/IIl?- 30 
11/11 Li x 

to equalise the dependence of the two terms on the right-hand side on the weak 
norms. □ 



3. The Fourier transform 

The Schwartz space S" of rapidly decreasing test functions consists of all <fi £ 
C°°(R n ) such that 

sup \x d a 4>\ < M a>p for all a,/3 > 0, 

where a, j3 are multi-indices. 

For any / £ one can define the Fourier transform 1 

nm) = f(o=[ e- 2 ^-*f( X )dx. (3.i) 

It is straightforward to check that 

J?[d a f}(0 = (^) ]al ef(0 and ftf f\{§ = (-27ri)l V/)(0, 

from which it follows that & maps 5? into itself. 

Given the Fourier transform of /, one can reconstruct / by essentially applying 
the Fourier transform operator once more: 

f(x)= f e 2 ^/(0de (3.2) 

If we define <r(/) by a(f){x) = f(—x) then we can write the inversion formula more 
compactly as f — a o &(f). We define J^" -1 = a o J^", the point being that when 
we can meaningfully extend the definition of & and a we will retain this inversion 
formula. 

An obvious extension of the Fourier transform is to any function / £ L 1 (M n ), 
using the integral definition in (3.1) directly. Since 

1/(01 < / l/(x)|d.TH|/|| L1 

it follows that & maps L 1 into L°°. Furthermore, there is a natural definition of 
the Fourier transform for / £ L 2 (W l ). Given / £ ,y, 

\\?\\i*= f W)(! e- 2n * x f(0<%) 

= I f(® ( [ f(x)eW dx] d£ 

= JW)f(0^ = \\f\\h. 

Now given any / £ L 2 , one can write / = lim n _s. 0O /„, where f n £ .5^ and the limit 
is taken in L 2 . It follows that /„ is Cauchy in L 2 , and we identify its limit as /. 
So we can define & : L 2 -> L 2 , with ||/||l2 = ||/||l2. 



There are various possible definitions of the Fourier transform. For example, one could omit 
the factor of 2ir from the exponential and include a multiplicative factor of (2ir)~ ™/ 2 in front of 
the integral; in this case one keeps the Fourier inversion formula unchanged. However, the fact 
that the function e — has norm one and is unaffected by the Fourier transform as defined in 
(3.1) is useful; one can use this to prove the Fourier inversion formula, see Theorem 2.2.14 in 
Grafakos [11], for example. 
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The Fourier transform can therefore be defined (by linearity) for any / £ L 1 +L 2 : 
f can be recovered from / using J^" -1 if f E L 1 + L 2 , and if / £ L 1 (in particular 
if / £ .y) then we can use the integral form of the Fourier inversion formula (3.2) 
to give / pointwisc as an integral involving /. 

Given this, we can in fact define the Fourier transform if / £ jj,^ f or SO mc 
1 < r < 2 (and in particular if / £ L r ), by splitting / into two parts, one in L 1 
and one in L 2 . The following lemma gives a more general version of this, which 
will be useful later. We use \p to denote the characteristic function of the set 
{x : P holds}. 

Lemma 3.1. Take 1 <t < r < s < oo, and suppose that g £ L r o ° . For any M > 

set 

9M-=9X\g\<M and 9M+=gX\g\>M- 

Then g = gu- + 9m+, where Qm- S L s with 

\\9M-\\h < -i-M-lsll^,.. - M s d g (M) (3.3) 



if s < oo and HgM-Hz, 00 < M, and gu+ £ L with 

r 

r~ t 

Proof. Simply note that 



gn+Wh < — M*--||5||£r.cc. (3.4) 



d gM (a) = \\ , , a ~ M (3.5) 
9M ' K ' \d g (a)-d g {M) a<M y ' 



and 



d g (a) a > M 
d s (M) a < M. 



Then using (2.1), (3.5), and (2.2) it is simple to show (3.3), and (3.4) follows 
similarly, using (3.6) in place of (3.5). □ 

It is natural to ask what one can say about / when / £ LP . We will see in 
Section 11 that / £ L q with (p, q) conjugate, provided that 1 < p < 2 (Corollary 
11.2). Note, however, that for any p > 2 one can find a function in LP whose Fourier 
transform is not even a locally integrable function (see Exercise 2.3.13 in Grafakos 
[11])- 

One can extend the definition further to the space of tempered distributions 5?' . 
We say that a sequence {</> n } & ^ converges to <f) £ 5? if 

sup \x a dP(4> n -4>)\ -+ for all a,0 > 0, 

and a linear functional F on 5? is an element of if (F, <f> n ) — > (F, 4>) whenever 
(j) n <f) in .y. It is easy to show that for any <f), if) £ 

{</>,$) = ($,1>), 

and this 2 allows us to define the Fourier transform for F £ y' by setting 

(F, tp) = (F, for every V € S? . 

Since one can also extend the definition of a to via the definition (cr(F), tp) = 
(F, cr(i/))), the identity F = ^~ X F still holds in this generality. 



2 We use (■, ■) for the action of an element of S? 1 on elements of ,_5", and set (/, g) = f fg when 
/ and g are functions. 
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4. Convolution and Young's inequality 
Expressions given by convolutions, i.e. 

[f*g](x)= f(y)g(x-y)dy, 



occur frequently. It is a fundamental result that [/*<?]"(£) = /(05(C); f° r /iff? & 
this is the result of simple calculation, which can be extended to / € 5? , g € S" 
via the definition (/ * g,4>) = (g, er(/) * </>) . 

One of the primary results for convolutions is Young's inequality. Following 
Grafakos (Theorem 1.2.12 in [11]) we give an elementary proof that uses only 
Holder's inequality. 

Lemma 4.1 (Young's inequality). Let 1 < p, q,r < oo satisfy 

1 11 

- + 1 = - + -. 

p q r 

Then for all f € L q , g £ L r , we have f * g € IP with 

||/*ff||LP<||/|M|ff||i- (4.1) 

Proof. We use p' to denote the conjugate of p. Then we have 

111 q q r r 
1 1 = 1, - + — = 1, and — I = 1. 

r p q' p r p q' 

First use Holder's inequality with exponents r' , p, and q': 

\(f*g){x)\ < f \f(y)\\g(x-y)\dy 

\f(y)\ q/r ' (\f(y)\ q/p \g(x - y)\ r/p ) \g(* - y)\ r/q ' dy 

<\\f\\% r ' (/ \f{y)\ q \g{x-y)\ r &y)' P (/ \g(x-y)\ r dy^'" 

< \\f\\t' (/ \f(yW\g(x-y)\ r d y y P \\g\\% q '. 
Now take the L p norm (with respect to x): 

\\f*g\\L, < \\f\\t r '\\g\\ r l q ' (/ \f(y)\ q \g(x-y)\ r dyd x y P 
= \\f\\t'h\\t^\f\\t\\g\\t p 

= II/IIl,||.9||l-. □ 

We will need a version of this inequality that allows L q on the right-hand side 
to be replaced by L q, °°. The price we have to pay for this (at least initially) 
is that we also weaken the left-hand side; and note that we have also lost the 
possibility of some endpoint values (r = oo and p,q = l,oo) that are allowed in 
(4.1). In fact one can keep the full LP norm on the left, provided that r > 1; 
but this requires Proposition 4.2 as an intermediate step and the Marcinkiewicz 
Interpolation Theorem (see Section 11). 

Proposition 4.2. Suppose that 1 < r < oo and 1 < p, q < oo. If f <E L q '°° and 
g £ LP with 

1 , 1 1 

- + 1 = - + - 

p q r 

then f -kg € with 

\\f*g\\ L r.~ <C p , q , r \\f\\L^\\g\\L-- (4.2) 
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Proof. We follow the proof in Grafakos [11], skipping some of the algebra. We have 
already introduced the main step, the splitting of / in Lemma 3.1. For a fixed 
M > we set / = /m- + Jm+- Using (3.3) and Holder's inequality we obtain 

|(/m- *<?)(*)! < WfM-\\ L A\9\\L« < {-T—M q '- r \\f\\ r LrA ^ IMU 



q •' — r 

where (q,q') are conjugate; the right-hand side reduces to A/||g||^i if q = 1. Note 
in particular that if 

M = (a f 'V«V 1 ||/IIZUIsllZ/) 1/(9 '~ r) 
(or a/2\\g\\ L i if q = 1) then d fM _+ g (a/2) = 0. 

For /m+ we can use (3.4) and apply Young's inequality to yield 

||/m+*sIIl. < H/M+II^ILgllL, < - L T A/ 1 " r ll/ll£r.o-||fllU«. 

?* — i 

Choosing M as above and using (2.3) it follows that 
df* g (a) < df M+ * g (a/2) 

< (2\\f M+ *g\\ LP a- 1 )' ! 

< (2rM 1 - r \\f\\l r ^\\g\\ Lq (r - ly'a- 1 )^ 

P \\n\\P a ~P 



= C\\f\\ p L ^\\g\\ p L 



which yields (4.2). □ 

This result has implications, among other things, for the regularity of solutions of 
elliptic equations. It was mentioned in the introduction that our study of generalised 
Gagliardo-Nirenberg inequalities was motivated by the study of a particular coupled 
system in two dimensions, namely 

-Au + Vp = (B ■ V)B, V-u = 0, 

— h r]AB + (u ■ V)B = (B ■ V)u, V • B = 0. 

at 

Formal energy estimates (which can be made rigorous via a suitable regularisation) 
yield 



f*\\VB\\l 2 +J*\\Vu\\ 2 L2 <±\\B(0)f L2 



2' 

showing in particular that B € L°°(0,T;L 2 ) when B(0) G L? . To obtain a similar 
uniform estimate on u we need to understand the regularity of solutions of the 
Stokes problem 

-Au + Vp= {B ■ V)B V-m = 
when B G L 2 . A slightly simpler problem with the same features is 

- A<j> = dj, (4.3) 

with / £ L 1 . It is well known that the solution of — A<f> = g in K 2 is given by E±g, 
where 

E(x) = -±-\o % \x\. 

Noting (after an integration by parts) that the solution of (4.3) is given by diE-k f , 
and that diE £ L 2 '°°, it follows from Proposition 4.2 that / £ L 1 implies that 
<j) £ L 2 '°° . [The stronger version of Young's inequality given in Theorem 11.3 does 
not apply when / £ L 1 , so would not improve the regularity here.] Thus to obtain 
further estimates (in particular on the time derivative of B) we required a version 
of the Ladyzhenskaya inequality that replaced the L 2 norm of u with the norm of 
it in L 2 '°°. Further details can be found in McCormick et al. [21]. 
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5. Endpoint Sobolev EMBEDDING 
In our proof of the inequality 

ll/lli-<c||/||2..o.||/||^ a 

we will use the endpoint Sobolev embedding H s (R n ) C L' p (W l ) for s = n(l/2— 1/p) 
when 2 < p < oo. We prove this here, following Theorem 1.2 in Chcmin et al. [5]. 
Since the Fourier transform maps L 2 isometrically into itself, and 

.nd a mo = (27ri)i o, ir/(o. 

it is relatively straightforward to show that when s is a non-negative integer 

E W da fWv - f ie| 28 |/(e)| 2 dC, (5.1) 

\ a \— s 

where we write a ~ b if there are constants < c < C such that ca < b < Ca. 

For any s > 0, even if s is not an integer, we can define 3 the homogeneous 
Sobolev space H s (M. n ) using (5.1): 



H S {WT) 



{fey': / G Ll oc (R n ) and j |£| 2s |/(£)| 2 d£ < ooj 



For s < n/2 this is a Hilbert space with the natural norm 

1/11*. = ( lfH/(OI 3 d£"' 

and one can therefore also define H s (BL n ) in this case as the completion of 5? with 
respect to the H B norm (that H s (M. n ) is complete iff s < n/2 is shown in Bahouri 
ct al. [2]; the simple example showing that H s (M. n ) is not complete when s > n/2 
can also be found in Chemin et al. [5]). 

Theorem 5.1. For 2 < p < oo there exists a constant c = c„ tP such that if 
f G H s (R n ) with s = n(l/2 - 1/p) then f G D>(R n ) and 

||/||l-<c||/||^. (5.2) 

Proof. First we prove the result when H/H^s = 1. For such an /, write / = 
f<R + f>R, where 

f<R = &- 1 (fx m < R} ) and f>R = &- 1 (fx m> R } ). (5.3) 

In both expressions the Fourier inversion formula makes sense: for we know 
that fx>R S L 2 (R n ), and & (and likewise ^~ x ) is defined on L 2 ; while for f < R 
we know that / G L 1 1 oc (M n ), and so fx<R G L 1 (M. n ) which means that we can write 
f<R using the integral form of the inversion formula (3.2) to write 

/. /,•;•<•:• / e 3 ***/®^. 
J\i\<R 



Thus 



i/<«iu~< / ier*m/(oid£ 

J\i\<R 

< U^ R \t;\- 23 dA \\f\\ 6 . = C s R n ' 2 - s = C s R n ^, 



3 We follow the definition of Bahouri et al. [2] (see also Chemin et al. [5]), including the condition 
that / £ Li (M. n ). This sidesteps complexities that arise from problems with understanding the 
meaning of if one only knows that / G ,9" \ see the discussion in Chapter 6 of Grafakos [12]. 
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since we took H/H^s = 1 and s = — -). Now, since for any choice of R 

d f (a)<d f<R (a/2) + d f>R (a/2) 

(using (2.3)), we can choose R to depend on a, R = R a := {a/2C s yl n , and then 
we have 

d f<Ra (a/2) = 0, 

it follows that df(a) < df >R (a/2). Thus, using the fact that the Fourier transform 
is an isomctry from L 2 into itself, 



t>OC 

\\f\\ P LP <P a»- l d f>Ra (a/2)&a 
Jo 




4 



' 1J ^\\f>R a \\h da 



a p - 3 \\-nf>Rj\\hda 

« P_3 / 1/(0 1 2 da 
J\i\>R a 

2C t \i\ n/p \ 

a p - 3 daj |/(0| 2 dC 

\T iP ' 2)/p \m\ 2 ds 



since n(p — 2)/p = 2s and we took ||/|| = 1. 

Thus for / G H s with ||/||jj s = 1 we have |j/|| lp < C, and (5.2) follows for 
general / G H s on applying this result to g = //||/|| ir>- ^ 

6. A WEAK-STRONG BERNSTEIN INEQUALITY 

In the next section we will require a result, known as Bernstein's inequality, 
that provides intcgrability of / assuming localisation of its Fourier transform: if 
/ is supported in B(Q,R) (the ball of radius R) then for any 1 < p < q < oo if 
/ G LP(R n ) then 

II/IIl, < C p,,i? n(1/p - 1/9) ||/||LP. (6.1) 

For our purposes we will require a version of this inequality that replaces LP by 
LP°° on the right-hand side. 

As in the standard proof of (6.1), we make use of the following simple result. 
We use the notation ®hf(x) = h~ n f(x/h); note that T>h(x) = f(hx). The support 
of g G is the intersection of all closed sets K such that (g, (j>) = whenever the 
support of 4> G y is disjoint from K. 

Lemma 6.1. There is a fixed <f> G 5? such that if f is supported in B(0,R) then 
/ = (S)i /fl 0)*/. 

Proof. Take G ^ so that = 1 on 5(0, 1). Then 

which is equal to 1 on B(0, R). Thus ( l S)i/R<f>) * f — f has Fourier transform zero, 
and the lemma follows. □ 

For use in the proof of our next lemma, note that 

\\® l/R <t>\\ L r=R n( - 1 - 1 ^\\<t>\\Lr. (6.2) 
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Lemma 6.2 (Weak-strong Bernstein inequality). Let 1 < p < oo and suppose that 
f € L p '°°(R n ) and that f is supported in B(0, R). Then for each q with p < q < oo 



there exists a constant c VA such that 

||/IU«<cfl n C 1 /f-V9)||/|| iP , 00 . (6 .3) 

Proof. We follow the standard proof, replacing Young's inequality by its weak form, 
and making use of the interpolation result of Lemma 2.2. First we prove the weak- 
weak version 

valid for all 1 < p < q < oo. To do this we simply apply the weak form of Young's 
inequality (Proposition 4.2) to / = (fi- ' R * /: 

= H(Si/fi0)*/lk<'.°° 
< c\\Dy R <l>\\ L r\\f\\ L „~ , 

where 

i 1 1 1 
1 + - = - + - 

q r p 

with 1 < p < oo and 1 < g, r < oo. It follows using (6.2) that 

<cR»(Vp- ^H/H^o. and H/H^ < cR^/p-^) \\f\\ LP ,„, 

and we then obtain (6.3) by interpolation of L 9 between L 1 ' 00 and L 2q '°° (Lemma 
2.2), 

II fll < A\ fll i/C^Q— 1) II ,|,(2«-2)/(2«-l) 

<ciJ«(Vp-i/9)||/|| iP)00 , n 



7. Generalised Gagliardo-Nirenberg inequality I 

We now prove our first generalisation of the Gagliardo-Nirenberg inequality, re- 
placing the L q norm on the right-hand side of (1.1) by the norm in L q '°°. The 
new part of the following result is when s > n/2, with the case s = n/2 partic- 
ularly interesting: in the range n(l/2 — 1/p) < s < n/2 the inequality follows 
using wcak-L p interpolation from Lemma 2.2 coupled with the Sobolev embedding 
fpCVa-Vp) c LP from Theorem 5.1. 

Theorem 7.1. Take 1 < q < p and s > with s > n(l/2 — 1/p). There exists a 
constant c p ^ s such that if f € L«'°°(M") n H s (W l ) then f E L p (R n ) and 

||/||w<cwll/ll£«.«ll/ll£ 9 for every f € L*°° H s , (7.1) 

where 

Proof. First we prove the theorem in the case p > 2. As in the proof of Theorem 
5.1 we write 

/ = f<R + f>R, 
where f <R and /># are defined in (5.3). 
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Using the endpoint Sobolev embedding H^ 1 / 2 - 1 !?) (M«) c L p (R n ) from Theo- 
rem 5. 1 (taking H° = L 2 when p = 2) we can estimate 

II/>h!Ilp < c\\f >R \\jj na/2 -i/p) 

= C (Xi>H le|M1/2 ~ 1/P)|/(0|2de ) ' 
< D ,-J»-, M (f 1*1*1/(01' 



R s-n(l/2-l/p) 
C 



Rs -n(l/2-l/p) 

while 

using the weak-strong Bernstein inequality from Lemma 6.2 and (2.4). 
Thus 

H/IU- <c(iT'( 1 /9-l/rt||/|| L ,. <)0 +ii - S +n(l/2-l/p)|| / ||^ ) _ 

Choosing 



RS +n(l/q-l/2) _ 



\f\\H. 



we obtain 
where 



|/IU«- 

||/||i-<c||/||i„o. H/ll (7-3) 
1/9 - 1/p 



1 - n- 



s + n(l/q - 1/2) ' 
which on rearrangement yields the condition (7.2). 

Ifl<q<p<2 then we first interpolate L p between L q '°° and L 2 , and then 
use the above result with p = 2. Setting | = ^" + (1~ (f — «) we nave 

ii/ii^<cii/ii^ 2 - p)M2 - ?) ii/iii ( r 9)M2 - 9) 

= c||/||£...||/||V-. fl , 

with given by (7.2), as required. □ 

8. The space BMO of functions with bounded mean oscillation 
For any set A C R™ we write 

fA = \kL fdx 

for the average of / over the set A. The space of functions with bounded mean 
oscillation, BMO(R"), consists of those functions / for which 



\f\ 



BMO 



sup T7TT / \f-fQ\ dx 

QCK" M JO 



is finite, where the suprcmum is taken over all cubes Q C R™. Note that this is a 
not a norm (any constant function has ||c||bmo — 0), but BMO is a linear space, 
i.e. if /, g G BMO then / + g G BMO and 

11/ + ffllBMO < || /|| BMO + HsIIbMO- 

This space was introduced by John & Nirenberg [16]; more details can be found in 
Chapter 7 of Grafakos [12], for example. 
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BMO is a space with the same scaling as L°°, but is a larger space. Indeed, if 
/ g L°°(r) then clearly for any cube Q 



\f-f Q \dx<2 / |/|<2|Q|||/|| L », (8.1) 

JQ JQ 

and so 

II/IIbmo < 2||/|| L ». (8.2) 

However, the function log \x\ S BMO(R") but is not bounded on W n (Example 7.1.3 
in Grafakos [12]). 

The cndpoint Sobolev embedding from Theorem 5.1 fails when s = n/2, but 
at this endpoint we still have H n / 2 (R n ) C BMO(R"). This is simple to show 
(following Theorem 1.48 in Bahouri et al. [2]), if we note that for any x E Q 

\m~f Q \= t4 / f(x)-f(y)dy < VW B ||V/|| £ - W) . 



Lemma 8.1. If f g Lj^R") n #™/ 2 (R n ) then f g BMO(R") and there exists a 
constant C — C(n) such that 

||/||bmo <C\\f\\ An/2 for all f g L^R") n JT*/ 2 (R n ). 

Proof. We write / = + />/j as in the proof of Theorem 5.1 and then, recalling 
(8.1), 

j-^j J \f-f Q \< ^IQ| 1/n l|v/< fl |Uoo (Q) + |/ >fl - (/ >R ) Q | 



Q 

1/2 



<^oi-'»/ £|£n mi/(oi« + ^(/ ol /<»p 

< ^ C |v» ci! ^ jr / 2|/(0l ^y /2 + _i_ ij m 



1/2 

2 I 



<c Fl [|Q| 1 /»ii+|Q|-Vai r ./a]|| / ||^ B/a . 
Choosing R = \Q\' 1/n yields 

J \f-f Q \< C\\f\\ An „; 

taking the supremum over all cubes Qcl" yields ||/||bmo < C||/llij»/2- D 

We now want to prove a result, due to John & Nirenberg [16], that gives an 
important property of functions in BMO that will be crucial in the proof of the 
inequality 

ll/l|L P <qi/||^U/ll B Mo p , <Z<P<0O, 

given in the next section. To prove the John-Nircnbcrg inequality we will need a 
Calderon-Zygmund type decomposition of R" into a family of cubes with certain 
useful properties. The proof that such a decomposition is possible uses the Lebesguc 
Differentiation Theorem, which we now state (without proof). 
We define the uncentrcd cubic maximal function by 



mf{x) = sup T-^- f \f(y)\dy, 
Qbx M Jq 



where the supremum is taken over all cubes Q C R" that contain x. The proof of 
the Lebesgue Differentiation Theorem uses the fact that 9JT maps L 1 into L 1 ' 00 ; see 
Section 3.4 in Folland [10] or Section 2.1 in Grafakos [11] for details. 
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Theorem 8.2 (Lcbesguc Differentiation Theorem). If f <G L 1 1 oc (IR™) then 

Hm -L f f(y)dy = f(x) (8.3) 
IOK0 |Q| J Q 

/or almost every x € R", where Q is a cube containing x. As a consequence, 
1/0*01 < 9Jlf(x) almost everywhere. 

Proposition 8.3. Let Q be any cube in R n . Given f <E L X (Q) and 



M> -w\h 



\Q\jq 

there exists a countable collection {Qj} of disjoint open cubes such that \ f(x)\ < AI 
for almost every x £ Q \ (J • Qj and 

M< uTlf \m\^x<2 n M (8.4) 

for every Qj. 

Note that it foliows from (8.4) that 

El^l<^/l/|. (8-5) 

j JQ 

Proof. Decompose Q by halving each side into a collection i?o of 2™ equal cubes. 
Select one of these cubes Q if 

-L [ \f(x)\dx>M. (8.6) 

\Q\ Jq 

Call the selected cubes ^\ and let i?i = =2o \ . 

Repeat this process inductively, to produce a set ^ = (J . ^ of selected cubes, 

on which (8.6) holds. Note that if Q was selected at step k then it is contained in 
a cube Q' e and so 

Finally, if x G Q \ (J • then there exists a sequences of cubes Qfc containing a; 
with sides shrinking to zero and such that 

1 

Wk 

It follows from the Lebesgue Differentiation Theorem that |/(.t)| < M for almost 
every x € Q \ \Jj Qj . □ 

Lemma 8.4 (John-Nirenberg inequality). There exist constants c and C (depend- 
ing only on n) such that if f € BMO(R") then for any cube Q C R™ 

\{xeQ: |/ - f Q \ > a}\ < — ^e— /II/IIbmo f |/ _ /q | (8 . 7) 

II/IIbmo Jq 



\f(x)\dx<M. 



for alia > ||/|| 



BMO • 



Proof. We prove the result assuming that ||/||bmo = 1; we then obtain (8.7) by 
applying the resulting inequality to //||/||bmo- Let F(a) be the minimum number 
such that the inequality 



\{xeQ: \f(x)\>a}\<F(a) / |/| (8. 

Jq 

holds for all / 6 i 1 (Q) and all cubes Q; note (cf. Lemma 2.1) that F(a) < 1/a. 
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Following the original proof of John & Nirenberg [16] we show that for all a > 2™, 
F(a) < jjF{a - 2 n M) for all 1 < M < 2~ n a. (8.9) 

Given M in this range we decompose / using Proposition 8.3. Now, if |/(a;)| > a > 
2 n then x £ Qk for some k, and we know that |/qJ < 2 n M from (8.4). So then 

\{x£Q: |/W|>a}|<^|{ S eQ, : \f(x) - f Qk \ > a - 2 n M}\. 

k 

We can now use (8.8) on the cube Qk for the function / — fQ k , so that 

\{x£Q k : \f(x)-f Qk \>a-2 n M}\<F(a-2 n M)[ \f - f Qk \dx 

JQk 

<F(a-2 n M)\Q k \ 
(recall that we took ||/||bmo = !)• It follows using (8.5) that 

\{x £ Q : \f(x)\ >a}<(^ \Qk\J F(a - 2 n M) < ^F{a - 2 n M) |/| dx, 

which is (8.9). 

To finish the proof we iterate (8.9) in a suitable way. We remarked above that 
F(a) < 1/a; now observe that 

- < Cc- a/2 " c 1 < a < 1 + 2 n e, 
a 

for C = maxi< Q <i + 2«c a _1 e Q / 2 " c . Iterating (8.9) with M = e, which implies that 
F(a + 2"c) <\F(a), we obtain 

F(a) < Cc~ ca for all a > 1, 

where c = l/2"c, which gives (8.7). □ 

The more usually quoted form of this inequality, 

\{x£Q: |/-/ |>a}|<C|Q|e- ca /ll/ll BMO , 

follows immediately from the definition of ||/||bmo- 

9. Generalised Gagliardo-Nirenberg inequality II 

We now adapt the very elegant argument of Chen & Zhu [6] to prove the following 
stronger version of the inequality in (7.1) in the case s = n/2; they proved the 
inequality for / £ L'nBMO, but the changes required to take / £ L 9 '°°nBMO are 
in fact straightforward. Another proof for / £ L q n BMO, which still relies on the 
John-Nirenberg inequality (but less explicitly), is given by Azzam & Bedrossian [1], 
and a sketch of an alternative proof of the result for / £ L q °° n BMO can be found 
in the paper by Kozono et al. [18] (see also the discussion in Section 10, below). 

Theorem 9.1. For any 1 < q < p < oo, if f £ L«'°°(R n ) n BMO(R") then 
f £ L P (1R' 1 ) and there exists a constant C = C(g,p, n) such that 

II/I|l p <C7||/||^!I/|Ibmo p - (9-1) 

Proof. First we note that it is a consequence of the John-Nirenberg inequality from 
Lemma 8.4 that if / £ BMO n L 1 then 

df(a) < Ce- Co!/ll/i,BMO ||/|| L i (9.2) 

for all a > ||/||bmo; this follows by taking |Q| — ^ oo in (8.7), since when f £ L 1 , 



GENERALISED GAGLIARDO-NIRENBERG INEQUALITIES 



15 



*Ddf Q \f-f Q \dx<2f Q \f\6x. 

Now take / € BMO with ||/||bmo = 1- Split / = /i_ + f 1+ as in Lemma 3.1. 
Since A_ G ||/i_||bmo < 2||/ 1 _|| i oo < 2 (using (8.2)); thus f 1+ = / - / x _ e 
BMO and 

||/i+||bmo < II/IIbmo + || /l- || BMO < 3. 
Using Lemma 3.1 we know that 

||/i-||£ P <qi/i-HL,o=. (9.3) 

Also, for (q,q') conjugate, 

u/i+iui = / i/i+i < / i/i+r +i/9 ' = ^ cii/i+ii^'n/i+iu^ 

(since 1 < 1 + 1/q' < q we can use weak-L p interpolation) , which yields 

||/l+||£i<c||/l+||I„o.. 

Now we calculate 

11/i+lliP =P / a p-1 e? /l+ (a)da 
i 



p/ a^d/COda + p / a 35 " 1 ^ (a) da 



<d/(l)+p 



£°o?- 1 Ce- Ca ' 3 do!) H/i+IUi, 



where we have used (3.6), (9.2), and the fact that ||/i+||bmo < 3. Thus 

HA+lli, < ||/Hi..- + CHA+lli... < qi/Hi,.-. (9.4) 

Adding (9.3) and (9.4) Vp we obtain 

||/IU,<C||/||^; 

(9.1) follows. □ 

10. THE INTERPOLATION SPACE APPROACH 

So far we have avoided defining the two-parameter Lorentz spaces L P,T ', which 
involve decreasing rearrangements. In this final section we will obtain an inequality 
involving such spaces 

\\u\\ L ^<C n , p J\u\\t^\\AUo^ (10.1) 

from which (at least for q > 1) our two previous inequalities follow (we require 
1 < q < p < oo in (10.1), see Theorem 10.3). We will do this via the theory of 
interpolation spaces. Here we will not provide detailed proofs of any of the results, 
for the most part merely providing statements of the relevant general theory. 

10.1. Lorentz spaces. Given a measurable function /: R n — > M, we have already 
defined and made much use of its distribution function df. We now define its 
decreasing rearrangement /* : [0, oo) — > [0, oo] as 

/*(*)= inf{a: d f (a) < t}, 

with the convention that inf = oo. The point of this definition is that / and /* 
have the same distribution function, 

df,(a) = d f (a), 
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but /* is a positive non-increasing scalar function. Since their distribution functions 
agree, we can use the identity in (2.1) to show that the LP norm of / is equal to 
the LP norm of /*: 



\f(x)\ p dx =p / o?- 1 df{a)da 
Jo 
1*00 

= P a p ~ 1 df* (a) da = / f*(a) p da. 



Given 1 < p,q < 00, the Lorentz space L P ' 9 (R") consists of all measurable 
functions / for which the quantity 

/ POO J.\ 1/9 

(for q < 00) or 

||/||lp.-:= sup t^nt) 

0<t<oo 

(for q = 00) is finite. It is simple to show (see Proposition 1.4.5 in Grafakos [11]) 
that this definition agrees with our previous definition of L p '°°, that L 00 ' 00 = L°°, 
and that L p,p = L p (the last of these, at least, is immediate). 

If r < s then L p ' r C L p ' s ; so the largest space in this family for fixed p is the 
weak space L p, °°, and the smallest is LP' 1 . To see that L p,r C L p, °° for every r, 
simply observe that 

(r r* di} 1/r 
t V p f*(t)= |-y [ s VPf*( t )Y™j 

< (r/ P ) 1/r \\f\\L^, 

which yields ||/||i P .co < (f/p) 1 / 1 "!)/!^? on taking the supremum over t > 0. Given 
this, if r < q < 00 then, using Holder's inequality, 

ii/iu- = {^V /p rwr r+r y} 7 < \\f\\^ )/q \\f\\ r £r < c p , q , r \\f\\L*.r. 

10.2. Interpolation spaces. We now very briefly outline the theory of interpola- 
tion spaces; the general theory is modelled on the definition of the Lorentz spaces 
given above. For sustained expositions of the theory see Bennett & Sharpley [3], 
Bergh & Lofstrom [4], or Lundari [20]. 

Given two Banach spaces Xq and X\ that embed continuously into some parent 
Hausdorff topological vector space, which we term "a compatible pair" , we define 
the if-functional for each x € Xq + X\ and t > by 

K(x,t) =htf{\\x \\x„ +t\\xi\\ Xl : x Q +xi=x, x,q e Xq, XiGXi}. 

Then for < 9 < 1 and 1 < q < 00 we define the interpolation space (Xq, Xi)g, q 
as the space of all x e Xq + X\ for which 



\x\\e,, 



r°° dt 
j o [t- s K(f,t)]^ 



is finite. Similarly, for < 6 < 1 and q = 00, the space (^Q)j^i)e,oo is the space of 
all x E Xq + X\ such that 

N| fl ,oo= SU P t~ 6K (f,t) 

0<t<CX3 
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is finite. For all these spaces (1 < q < oo) we have the interpolation inequality 

\\f\\e, q <C 9 Jf\\]r o \\f\\ e Xl (10.2) 

(see Section 3.5 in Bergh & Lofstrom [4], for example). 

Given the definitions of Lorentz spaces and of the interpolation spaces, it is not 
surprising that 

(L , L°°)i_i/ p r = L p,r 

for < 9 < 1, 1 < r < oo. That one can replace L°° here by BMO is much less 
obvious, but key to the 'quick' proof of (10.1) that we give in this section. 

Theorem 10.1 (Bennett & Sharpley). For 1 < p < oo and 1 < r < oo, 

^ = (L 1 J BMO) 1 _ 1/j , r 

Proof. See Chapter 5, Theorem 8.11, in Bennett & Sharpley [3]. One can also find a 
proof of this result in the paper by Hanks [13], and of a similar but slightly weaker 
result (with LP on the left-hand side) using complex interpolation spaces in the 
paper by Janson & Jones [15]. □ 

We note here that the key step in the proof of this result given in Bennet & 
Sharpley [3] (and in Hanks [13]) is a relationship between the sharp function of /, 

f Q {x) := sup —— / \f-f Q >\, 

Q'CQ, Q'3x \W I JQ> 

its decreasing rearrangement /*, and the function f**(t) := j J* f*(s) ds: 

/"(*)- /*(*)< c(/J)*(t) o<t<|g| 

(Lemma 7.3 in Chapter 5 of Bennett & Sharpley [3]). This also forms the main 
ingredient in the proof of (9.1) in Kozono & Wadade [17] (and the proof of (10.3) 
in Kozono et al. [18]). 

The inequality (9.1) in fact follows simply from Theorem 10.1 using the follow- 
ing 'Reiteration Theorem', which allows one to identify intcrpolants between two 
interpolation spaces in terms of the original 'endpoints'. 

Theorem 10.2 (Reiteration Theorem). Let (Xo,Xi) be a compatible pair of Ba- 
nach spaces, and let < 9q < 6\ < 1 and 1 < qq , qi < oo . Set 

Yq = {X 0l Xi)g Q , qo and Y : = (X , X{)e liqi . 

If0<9<l and 1 < q < oo then 

(Yo,Yi)g^ q = (Xq, ^l)(l-8)0 o +00i,<r 

Proof. See Theorem 2.4 of Chapter 5 in Bennett & Sharpley [3], or Theorem 3.5.3 
in Bergh & Lofstrom [4]. □ 

Corollary 10.3 (Generalised Gagliardo-Nirenberg with Lorentz spaces). 

If u G L q '°° n BMO for some q > 1 and q < p < oo, then u G L 11,1 and there exists 

a constant C n . p . q such that 

lkiu,. 1 <a, M hiii( p »iin|i^ p (io.3) 

Note that given the ordering of Lorentz spaces, LP' 1 C L P:P = LP and so this 
result implies Theorem 9.1 in the case q > 1. 

Proof. Using Theorem 10.1, since q > 1 we have 

L q ' s = (L 1 ,BMO) 1 _ li / g>s ; 
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set 58 = (L\BM0)i iOO . Note that from (10.2) < C||/|| B mo- Now simply use 

the Reiteration Theorem to obtain 

L*- r = (£»•', «B) (1 _ g/l0 , r , 

from which the inequality (10.3) follows immediately using (10.2). □ 

(One can use interpolation spaces to provide a proof of Theorem 9.1 that does not 
involve Lorentz spaces by using interpolation only with q = oo and then interpola- 
tion between weak LP spaces, see McCormick et al. [21].) 

11. Afterword: The Marcinkiewicz interpolation theorem 

Although we have not needed it here, one of the main uses of weak spaces arises 
due to the powerful Marcinkiewicz interpolation theorem, in which bounds in weak 
spaces at the endpoints lead to bounds in strong spaces in between. We include 
here a statement of the theorem and some straightforward consequences. 

We say T is sublinear if 

\T(f + g)\<\Tf\ + \Tg\ and |T(A/)| < | A| \Tf\ 
almost everywhere. 

Theorem 11.1. Suppose that qo < qi and that T is a sublinear map defined on 
L qo + L qi such that for some Po,Pi 

\\Tf\\LPo^<A \\f\\ Lm and \\Tf\\ L Pi,<x> < j4i||/||i»i. 

If 

1 1-t t , 1 1-t t , , 

- = 1 and - = 1 (11-1) 

q qo qi p Pa Pi 

and p > q then T : LP — > LP and there exists a constant A t such that 

\\Tf\\ LP <A t \\f\\ Lq . (11.2) 

With the restriction that po > qo and p\ > q\ one can find an elementary 
proof of this theorem in Folland [10]. To remove this restriction requires a more 
refined argument using the decreasing rearrangements introduced in Section 10, see 
Theorem 1.4.19 in Grafakos [11] or Hunt [14]. 

We now give some interesting consequences of this theorem. 

11.1. The Fourier transform on L p , 1 < p < 2. We saw in Section 3 that & 
maps L 1 into L°° and L? into L 2 , so the following result is immediate. 

Corollary 11.2. For 1 < p < 2 the Fourier transform is a bounded linear map 
from LP into L q , where (p,q) are conjugate. 

11.2. A sharpened version of Young's inequality. Another application is the 
improved version of Young's inequality that was promised in Section 4. 

Theorem 11.3. Suppose that 1 < p, q, r < oo. If f £ L q '°° and g G LP with 

1 , 1 1 
- + 1 = - + - 

p q r 

then f -k g € LP with 

||/*5||i-<Ci,,,, r ||/||i 9 .-||fl||ir. (11.3) 



^Be aware that to fit in with our other statements throughout the paper we have swapped the 
traditional roles of p and q in Theorem 11.1. 
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Proof. Note that it follows from the conditions on p, q, r that p > q. Fix / <G L q '°° 
with ||/||x, g ,oo = 1, and consider the linear operator T{g) = f*g. Since 1 < p, q < oo 
we can find po < p < p\ , qo < q < q\ , and < t < 1 such po > qo, Pi > qi, and 
(11.1) holds. Now using the weak form of Young's inequality from Proposition 4.2, 

\\f*g\\ L Po.°<> < C\\g\\ L « and ||/ *#||i,*>i.«> < C\\g\\ Lq i. 

We can now use the Marcinkiewicz interpolation theorem to guarantee that 

<C\\g\\ L «. 

Since / 7k- g is also linear in /, we obtain (11.3). □ 

11.3. Endpoint Sobolev embedding, revisited. Using Theorem 11.3 and the 
fact that if P a {x) = |x|~ Q then [-P Q ](£) = c n . a P n - a (£) (this can be checked by sim- 
ple calculation) we can give a very quick alternative proof of the endpoint Sobolev 
embedding, after Theorem 1.38 in Bahouri et al. [2]. 

Theorem 11.4. For 2 < p < oo there exists a constant c = c„ iP such that if 
f e H s (R n ) with s = n(l/2- l/p) then f £ L p (W l ) and \\f\\ LP < c\\f\\jj s . 

Proof. We make the pointwise definition 7(£) = |£| s /(£); since / £ H s (M. n ), 7 £ 
L 2 (M. n ). If we set g = then g £ L 2 (R n ) and || 5 || L 2 = ||7|| L 2 = ||/|| As . Now, 

and so / = g * c~ 1 n _ s P n - s . Since P n - S £ ^ n /(™- s ),°° anc | g g 1? \t follows from 
Theorem 11.3 that / £ LP(W l ). □ 
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